Abstract. We give new characterizations of the Midy's property and using these results we obtain a new proof of a special case of the Dirichlet's theorem about primes in arithmetic progression.
Preliminaries
Let b be a positive integer greater than 1, b will denote the base of numeration, N a positive integer relatively prime to b, i.e (N, b) = 1, |b| N the order of b in the multiplicative group U N of positive integers less than N and relatively primes to N, and x ∈ U N . It is well known that when we write the fraction x N in base b, it is periodic. By period we mean the smallest repeating sequence of digits in base b in such expansion, it is easy to see that |b| N is the length of the period of the fractions If for all x ∈ U N , the sum S d (x) is a multiple of b k − 1 we say that N has the Midy's property for b and d. It is named after E. Midy (1836), to read historical aspects about this property see [Lew07] and its references.
We denote with M b (N ) the set of positive integers d such that N has the Midy's property for b and d and we will call it the Midy's set of N to base b. As usual, let ν p (N ) be the greatest exponent of p in the prime factorization of N .
For example 13 has the Midy's property to the base 10 and d = 3, because |13| 10 = 6, 1/13 = 0. (
In [CGPVS11] the authors prove the following theorem.
The following result has a big influence on our work, it is Theorem 3.6 in [Nat00].
Theorem 4. Let p be an odd prime not divisor of b, m = ν p (b |b| p − 1) and let t a positive integer, then
The Dirichlet's theorem about primes in arithmetic progression states that there are infinitely many primes in any arithmetic progression of initial term a and common difference l, with (a, l) = 1. It was conjectured by Carl Friedrich Gauss and it was first proved in 1826 by Peter Gustav Lejeune Dirichlet. The theorem which establishes that there are infinitely many primes is a particular case of the Dirichlet's theorem, taking a = 1 and l = 1.
A related result, to the Dirichlet's theorem, proved by B. Green and T. Tao in 2004, guarantees that we can find lists of primes in arithmetic progression of arbitrary length; see [GT04] .
The biggest list of primes in arithmetic progression has 26 terms, it was founded in April 12, 2010 by Benot Perichon and PrimeGrid. It is formed by the numbers 43142746595714191 + 23681770 · 23# · n, for 0 ≤ n ≤ 25 where a# denotes the primorial of a, it is the product of all primes less or equal to a; see [And12] .
Other characterizations of Midy's Property.
In this section, we will study some consequences of Theorem 2.
Theorem 5. Let N be a positive integer and |b| N = kd. If, for all prime divisor p of N , we have ν p (N ) > ν p (d), then the followings statements are equivalent
Proof. The equivalence between (2) and (3) is immediate from Theorem 2. By Theorem 1 we get that (1) implies (2). Now we prove that (2) implies (1)
We now will study Theorem 4 of [Lew07] , which is attributed by its author to M. Jenkins (1867). Let p 1 , p 2 . . . , p t be different primes such that d ∈ M b (p i ) for each i and let h 1 , h 2 , . . . , h t be positive integers, when does By simplicity we go to study the case when t = 3, but the argument is true for any t. Let p 1 , p 2 , p 3 be different primes such that d ∈ M b (p i ),
We have to check up the prime divisors of b k − 1, N , to determine when 
where (q i , y j ) = 1 for i = 1, 2, . . . , s and j = 1, 2, 3. Then
We want, as was said before, that k not be divisible for any |b| p i , i = 1, 2, 3. Now if, say, k = |b| p 1 l with l integer, then k = |b|
is a multiple of d, and as the y i 's are relatively primes with d this is equivalent to
From the above analysis follows the next theorem.
. . , h t be positive integers and N = p
With the notations introduced above we obtain that d ∈ M b (N ) if and only if, for each j = 1, 2, . . . , t is satisfied
Our next result has a similar flavor of the Jenkins' Theorem, although its statement and proof are simpler. 
Proof. We write |b| N = q t k, with (q, k) = 1 and t ≥ v. Let us denote g = b kq t−v − 1, N . Suppose that q v ∈ M b (N ). By Theorem 1 we know that g can not be divisible by other prime different from q and that ν q (N ) ≤ v. Let p = q be a prime divisor of N . Because p not divides g, we have |b| p ∤ kq t−v and thus ν q (|b| p ) > t − v ≥ 0 and it is easy to see that t = max 1≤i≤l n − m, ν q (|b| p i ) . Therefore for all prime divisor p of N we get that
Conversely, from the hypothesis the unique prime divisor of N that could be a divisor of g is q and thus Theorem 1 implies that q v ∈ M b (N ) .
As a special case, if in the above theorem we do v = 1 and since for any p prime divisor of N we have ν q (|b| N ) ≥ ν q (|b| p ) and thus we obtain the next corollary.
Corollary 8. Let N be a positive integer and let q be a prime divisor of |b| N , then q ∈ M b (N ) if and only if
(
Note that, from the last theorem, the smallest number N such that q v ∈ M b (N ) has to be a prime P which satisfies ν q (|b| P ) > 0 and q v | |b| P . We obtain the below corollary, recalling that |b| P divides P − 1.
Corollary 9. If q is a prime and v is a positive integer, then the smallest integer N such that q v ∈ M b (N ) is a prime congruent with 1 mod q v .
As a consequence of the above corollary we have a particular case of the Dirichlet's Theorem about primes in arithmetic progressions.
Corollary 10. If q is a prime and v is a positive integer, there are infinitely many primes which are congruent to 1 modulo q v .
Proof. By the last corollary there exists a prime P 1 congruent with 1 modulo q v and which satisfies q v ∈ M b (P 1 ). Take t 1 an integer such that q t 1 v > P 1 . Once again, we can find a prime P 2 congruent with 1 modulo q t 1 v such that q t 1 v ∈ M b (P 2 ) and so on.
